ABSTRACT. We connect two nonlinear irreducible character of a finite group G if their degrees have a common prime divisor. In this paper we show that the corresponding graph has at most three connected components.
Introduction
and the main result. Let G be a finite group and let Irr(G) denote the set of the irreducible complex characters of G. We define a graph T = r(G) in the following way.
The vertices of Y are represented by the nonlinear irreducible characters of G. We connect two vertices x and tp of Irr(G) if the degrees x(l) and <p(l) have a common prime divisor. Note here that G is abelian if and only if G is attached to the empty graph.
If n(T) denotes the number of the connected components of T, we have the following main result.
THEOREM. n(r(G)) < 3 for any group G.
Unfortunately, the proof of the theorem relies on the classification of all finite simple groups. Let us here mention that for a solvable group we even have n(r(G)) < 2. This was proved by the first author in [9, Proposition 2] . Finally, these bounds are best possible; for instance, take PSL(2,2a) (a > 2) in case of a nonsolvable, and the symmetric group 54 in case of a solvable group.
As an application we obtain the following result which was proved by the first author in [8] under the hypothesis of a special case of Brauer's height zero conjecture and in full generality by the third author [17] .
COROLLARY. Suppose that G is a nonsolvable group and that the degrees of all irreducible complex characters of G are powers of primes. Then G = S x A where 2. Reduction to simple groups. In order to prove the theorem, we reduce the problem to simple groups and check the degree configurations in the known list. Since many of the simple groups tend to have a connected graph, the following key proposition leads in most cases to a better bound than 3.
PROPOSITION. Suppose that G is a nonsolvable group. Then n(T(G)) < m^{n(T(E))} where E runs through the set of the simple nonabelian composition factors of G. Let x e T/t-fi-As (x(l),p(l)) -1 for all <p e 1tt(G/N), we obtain (X(1),\G/N\) = 1 by Michler's Theorem 5.4 of [11] . Thus xjv G lrv(N) and Gallagher's theorem [6, 6 .17] yields Xf e Irr(G) for all <p e lrr(G/N). However, xf e Tk+i, which forces ip G Pfc+i for all ip with <p(l) ^ 1 contrary to the choice of r^+i. Thus it remains to deal with the case that G/N is of prime order p. By the inductive hypothesis we have n(T(N)) < k. Furthermore, if there exists x G Irr(TV) with p|x(l)i then we are done. Thus we may assume that p does not divide the degree of any irreducible character of N. Applying [11, 5.4] again we obtain that N has a normal abelian Sylow p-subgroup P. Now suppose that there exists a nonlinear character ip G Irr(TV) with inertial group IG(ip) -N. Then ipG G Irr(G) with p\ipG(l) and therefore n(r(G)) < n(T(N)) < k. Thus we are left with the case that in particular all nonlinear irreducible characters of N/P are fixed by G/P. Suppose Pq is a Sylow p-subgroup of G and [P0/P,N/P] ¿ 1. Then a result of Isaacs ([7] ; cf. [10] ) implies that N/P is solvable, a contradiction to the hypothesis of the Proposition. Thus we may assume that Pq/P acts trivially on N/P. Therefore Pc, < G. Now start the procedure again with Nç, maximal normal in G and Pq < Nr>. If G/N0 is nonabelian, the same argument as above works. In case \G/Nr,\ = q is prime, we obtain again that a Sylow g-subgroup Qç, of G is normal. Continuing this way, we finally end up with a solvable group G, which contradicts the hypothesis of the Proposition.
3. Sporadic and alternating groups.
To complete the proof of the Theorem we have to calculate n(r(G)) for all finite nonabelian simple groups.
By checking the character degrees of the 26 sporadic groups given in [3] , we obtain PROPOSITION. If G is one of the sporadic simple groups, then T(G) is connected.
For the rest of this section, let G be one of the simple alternating groups An. If G = A5 = SL(2,4), the character degrees are 1, 3, 4, and 5, so that n(r(A5)) = 3.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For G = A6 = PSL(2.9), the degrees are 1, 5, 8, 9 and 10, hence n(P(A6)) = 2.
Finally, if G = Ag, the graph is connected since we have character degrees 1, 7. 20, 21, 28, 35, 45, 56, 64 and 70. All the other alternating simple groups have a connected graph. We even obtain PROPOSITION. Ifn = 7 or n > 9, then for any odd prime p < n, the alternating group A" has an irreducible character x such that 2p|x(l)- If we take in this situation r to be odd and s to be even, then 2|x(l)-(i) Furthermore, let n ^ 0, -1 (modp). We put r := p -2 and s :-0. Then r + 2s + 1 = p -1 < n and the partition is well defined. This specification yields ,'n -1 \ n -(p-2) (n -1
and p|x(l), as n ^ 0, -1 (modp). Now, if n ^ 2p -3, x is lic,t selfadjoint and we are done. For n = 2p -3, we take r := 3 and s := p -5. Then r -I-2s + 1 = 2p -6 < n and from which we conclude that 2p|x(l)-Case 2. Let n be even. If we take now r to be even and s to be odd, we also have 2|x(l)-(i) Suppose, that n ^ 1, -2 (mod p). If p ^ 3, we take r := p -3 and s := 1. Then r + 2s + l=p<n and t n-2\ n(n-p+l)
It follows 4p|x(l), as n jé 1, -2 (mod p). For p = 3, let r := 6 and s := 1. We obtain r + 2s+l = 9<n, because n^8. Furthermore xii)-(--»)sfcfa.
hence 4p|x(l)-
(ii) We now assume that n = 1 (mod p).
If n > 3p + 1, we take r := 2 and s := p. Thus r + 2s + 1 < n.
,'n\, (n-p-l)(n-2p-2) V P + 2 now implies 2p|x(l)-Thus, let n -p + 1. (Note that n is even.) Then p > 7 and for r := 2, s := 3, we obtain r + 2s + l=9<n and 'p+l\ (p-3)(p-7) X(l) = which yields that 4p|x(l)-(iii) Finally we have to consider n = -2 (mod p). Furthermore, we may assume that p > 3, because otherwise we are done due to (ii). If n > 4p -2, we choose r := 2p and s : = 1, so that r + 2s + 1 = 2p + 3 < n. Since n -2 \ n(n -2p -2) 2p-1 Ai (8) Tits' simple group B2(2) G2 (2) 2F4 (2) 2G2 (3) For some of the groups, the main result has to be checked separately.
4.1 LEMMA. n(T(L)) < 3 for each of the following simple groups:
A,(q) (q > 3), A2(q), 2A2(q) (q > 2), 2B2(22m+1) (m > 1),
PROOF. This can almost be done checking the known character tables. [3] ). Thus only the groups G2(q) in characteristic 2 are left. Let L = G2(q), q = 2m with m > 1. By [15, §17] , L has two maximal anisotropic tori G2 and A2 of orders q2 -q + 1 and q2 + q + 1 respectively. Moreover, both tori contain regular elements, hence characters in general position since G2 and A2 are cyclic.
Thus we obtain two irreducible characters x and ip of L with degrees x(l) = \L : Ga|a. = («.-1)2(<? + 1) V + g + 1) and tf(l) = \L '■ A2\v = (q~ l)2(l + 1) V -9 + 1) (see [11, Proposition 2.2] ). Since |L| = q6(q -l)2(q + l)2(q2 +q + l)(q2 -q+1), the assertion follows.
4.2 LEMMA. Suppose that L = Ga/Z(Ga) is a finite simple group of Lie type defined over the field GF(q) where q = rm with r a prime. Furthermore assume that the following two conditions hold.
(i) There exist two astable maximal tori, say Tl and T2 of G such that whenever p is a prime divisor of (\T^/Z(Ga)\, \T2/Z(Ga)\) then p\ \Ga/Z{Ga) : Ta/Z(Ga)\ for some i G {1,2}.
(ii) There exist Xi,Xa € lrv(Ga/Z(Ga)) with Xi(l) = \GJZ(Ga) : T*/Z(Ga)\r,. Then n(T(L)) < 3. This completes the proof of the Theorem.
